DEL PEZZO ZOO 



IVAN CHELTSOV AND CONSTANTIN SHRAMOV 

Abstract. We study del Pezzo orbifolds that are quasismooth and well-formed hypersurfaces 
in weighted projective spaces. Inter alia we complete the list of such orbifolds whose a-invari- 
ant of Tian is greater than 2/3, and we show that the Lichnerowicz obstruction for the exis- 
' fence of a Kahler-Einstein metric on these orbifolds follows from the Bishop obstruction. 
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All varieties are assumed to be complex, projective and normal. 

1. Introduction 

Let X be a hypersurface in P(ao, . . . , a„) of degree d, where ao ^ . . . ^ a™. Then X is given by 
! (l){xo, ... ,Xn) = C P(ao, . . . ,a„) = Proj(^C[xo, . . . 

' where wt(xj) = a^, and is a quasihomogeneous polynomial of degree d. The equation 

^{xo,...,Xn) = OcC"+i = Specie [xo,...,x„]), 
defines a quasihomogeneous singularity (V,0), where O is the origin of C"^^. 
Definition 1.1. The hypersurface X is quasismooth if the singularity {V,0) is isolated. 

^ I Suppose that X is quasismooth. It is well-known that the following conditions are equivalent: 

the inequality X^ILo > holds, 
the singularity {V, O) is rational, 
the singularity {V, O) is canonical. 

■ Definition 1.2. The hypersurface X C P(ao7 • • • ) o„) is well-formed if 

gcd(ao, . . . ,ai, . . . ,aj, . . . ,an) \ d 
and gcd(ao, . . . , Oj, . . . , a„) = 1 for every i / j. 

^ . Suppose that X is well-formed. Then the following conditions are equivalent: 

• the inequality Y17=o <^i> d, holds, 

• the hypersurface X is a Fano variety. 

Suppose that Y11=q ^« > ^ = ^^=0 ^« ~ ^^^^ index of X. 

Definition 1.3. The global log canonical threshold of the Fano variety X is the number 

the log pair (^X, XD^ is log canonical 1 ^ 
for every effective Q-divisor D = —Kx ) 
The number lct(X) is an algebraic counterpart of the a-invariant introduced in [18j and |16j . 

Example 1.4. If n = 3 and (oq, ai, 02, 03, d) = (2, 3, 4, 5, 12), then it follows from [5] that 

• the equality lct(X) = 1 holds if (f){xo,xi,X2,X3) contains X1X2X3, 

• the equality lct(X) = 8/15 holds if 0(xo, xi, X2, X3) does not contain X1X2X3. 



lct(X) = sup < A G 
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The following result is proved in [16], [T7], [8] (see [H Appendix A]). 
Theorem 1.5. The hypersurface X admits an orbifold Kahler-Einstein metric if 

lct(X) > , \ ^ ■ 

^ ^ dim(X) + 1 

There are many obstructions for the existence of a Kahler-Einstein metric on Fano manifolds 
and for the existence of an orbifold Kahler-Einstein metric on Fano orbifolds (see |14] , [9] , |10j ) . 

Theorem 1.6 ([lO]). The hypersurface X does not admit an orbifold Kahler-Einstein metric if 

• either the inequality 

n 

dr > n" JJfli 

1=0 

holds (the Bishop obstruction), 

• or the inequality / > naQ holds (the Lichnerowicz obstruction). 

We prove the following result in Section [6j 
Theorem 1.7. Let ag ^ ai ^ • • • ^ and d be positive real numbers such that 
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> n' 
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and d < XlILo "-i- Then Y^I^q ai - d > ndo. 

Hence, the Bishop and Lichnerowicz obstructions do not obstruct X if it is smooth, because 

/ ^ n = dim(X) + 1 
in the case when the variety X is smooth. Note that 



I 



Kx 



n-l 



> dim(X) + 1 



Remark 1.8. Let f/ be a smooth Fano variety of dimension m, let 1 is the Fano index of U . Then 
and it follows from [T, Proposition 5.22] that the inequality 



Ku 



m+l 



^ (^dim(C/) + 1^ 
fails in general if m ^ 1. 

Suppose that n = 3. Then X is a del Pezzo surface with at most quotient singularities. 

Theorem 1.9 ([H]). Suppose that 1 = 1. Then 

• either (ao, ai, a2, as, (i) = (2, 2m + 1, 2m + 1, 4m + 1, 8m + 4), where m € Z>o, 

• or the quintuple (oq, ai, 02, 03, d) lies in the sporadic set 

(1, 1, 1, 1,3), (1, 1, 1,2,4), (1, 1,2,3,6), (1,2,3,5, 10), 
(1, 3, 5, 7, 15), (1,3, 5, 8, 16), (2, 3, 5, 9, 18), (3, 3, 5, 5, 15), (3, 5, 7, 11, 25), 
(3, 5, 7, 14, 28), (3, 5, 11, 18, 36), (5, 14, 17, 21, 56), (5, 19, 27, 31, 81), 
(5, 19, 27, 50, 100), (7, 11, 27, 37, 81), (7, 11, 27, 44, 88), (9, 15, 17, 20, 60), 
(9, 15, 23, 23, 69), (11, 29, 39, 49, 127), (11, 49, 69, 128, 256), 
1 (13, 23, 35, 57, 127), (13, 35, 81, 128, 256) 
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We can not apply Theorem 11.51 to the surface X if I ^ 3ao/2, because lct(X) ^ ao/I. 
Definition 1.10. We say that X is Boyer-type surface if 

(oo, ai, a2, 03, d) = (^I — k, I + k,a,a + k,2a + k + 
for some non-negative integer k < I and some positive integer a ^ I + k. 

There are infinitely many Boyer-type surfaces. 

Example 1.11. There is a quasismooth well- formed Boyer-type surface X C P(aoi oii 021 03) if 

• either (oq, ai, 02, 03, d, /) = (1, 2n — 1, 2n — 1, 3n — 2, 6n — 3, n), 

• or (ao, ai, a2, 03, d, I) = (1, 2n — 1, 3n — 2, An — 3, 8n — 5, n), 

• or (ao, ai, a2, 03, d, /) = (3, 6n — 1, 6n — 1, 9n — 3, 18n — 3, 3n -|- 1), 

• or (ao, ai, a2, 03, d, I) = (3, 6n -|- 1, 6n -|- 1, 9n, 18n -|- 3, 3n -|- 2), 
where n is any positive integer. 

The following result is [3l Theorem 4.5]. 

Theorem 1.12. Suppose that X is not Boyer-type surface, 10 ^ / ^ 2 and / < 3ao/2. Then 

• either the quintuple (oq, oi, 02, 03, d) belongs to one of the following infinite series: 

- (3, 3m, 3m + 1,3m + 1, 9m + 3), 

- (3, 3m + l,3m + 2, 3m + 2,9m + 6), 

- (3, 3m + l,3m + 2, 6m + 1, 12m + 5), 

- (3, 3m -|- 1, 6m -|- 1, 9m, 18m + 3), 

- (3, 3m -|- 1, 6m -1- 1, 9m -|- 3, 18m -|- 6), 

- (4, 2m + l,Am + 2, 6m + 1, 12m + 6), 

- (4, 2m + 3,2m + 3, 4m + A,8m + 12), 

- (6, 6m -|- 3, 6m -|- 5, 6m -|- 5, 18m -|- 15), 

- (6, 6m + 5, 12m + 8, 18m + 9, 36m + 24), 

- (6, 6m + 5, 12m + 8, 18m + 15, 36m + 30), 

- (8, 4m + 5,Am + 7, 4m + 9, 12m + 23), 

- (9, 3m + 8,3m + 11, 6m + 13, 12m + 35), 
where m ia a positive integer, 

• or the quintuple (00,01,02,03,6?) lies in the sporadic set 

r (2, 3, 4, 7, 14), (3, 4, 5, 10, 20), (3, 4, 10, 15, 30), (5, 13, 19, 22, 57), 
(5, 13, 19, 35, 70), (6, 9, 10, 13, 36), (7, 8, 19, 25, 57), (7, 8, 19, 32, 64), 
(9, 12, 13, 16, 48), (9, 12, 19, 19, 57), (9, 19, 24, 31, 81), (10, 19, 35, 43, 105), 
(11, 21, 28, 47, 105), (11, 25, 32, 41, 107), (11, 25, 34, 43, 111), (11, 43, 61, 113, 226), 
(13, 18, 45, 61, 135), (13, 20, 29, 47, 107), (13, 20, 31, 49, 111), (13, 31, 71, 113, 226), 
(14, 17, 29, 41, 99), (5, 7, 11, 13, 33), (5, 7, 11, 20, 40), (11, 21, 29, 37, 95), 

< (11, 37, 53, 98, 196), (13, 17, 27, 41, 95), (13, 27, 61, 98, 196), (15, 19, 43, 74, 148), > . 
(9, 11, 12, 17, 45), (10, 13, 25, 31, 75), (11, 17, 20, 27, 71), (11, 17, 24, 31, 79), 
(11, 31, 45, 83, 166), (13, 14, 19, 29, 71), (13, 14, 23, 33, 79), (13, 23, 51, 83, 166), 
(11, 13, 19, 25, 63), (11, 25, 37, 68, 136), (13, 19, 41, 68, 136), (11, 19, 29, 53, 106), 
(13, 15, 31, 53, 106), (11, 13, 21, 38, 76), (3, 7, 8, 13, 29), (3, 10, 11, 19, 41), 
(5, 6, 8, 9, 24), (5, 6, 8, 15, 30), (2, 3, 4, 5, 12), (7, 10, 15, 19, 45), 
, (7, 18, 27, 37, 81), (7, 15, 19, 32, 64), (7, 19, 25, 41, 82), (7, 26, 39, 55, 117). 

Note that Theorem 11.121 differs from [31 Theorem 4.5] in the following way: 
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• the series (3, 3m + 1, 3m + 2, 6m + 1, 12m + 5) is omitted in [3l Theorem 4.5], 

• the quintuple (5, 7, 8, 9, 23) is removed from the list of sporadic cases in P, Theorem 4.5], 
because the surface X is Boyer-type surface if (oq, ai, 02, as, d) = (5, 7, 8, 9, 23), 

• (8, 4m + 5, 4m + 7, 4m + 9, 12m + 23) in [3l Theorem 4.5] starts with m = 0, but 

(8, 4 • + 5, 4 • + 7, 4 • + 9, 12 • + 23) = (8, 5, 7, 9, 23) , 

• (9, 3m + 8, 3m + 11, 6m + 13, 12m + 35) in [3, Theorem 4.5] starts with m = —1, but 

|9,3 •0 + 8,3-0 + 11,6 • + 13| = |8,4- 1 + 5,4- 1 + 7,4 -1 + 9! 

and (9,-1-3 + 8,-1-3 + 11,-1-6 + 13,-1 - 12 + 35) = (9,5,8,7,23). 
The following result is implied by [Sj Lemma 5.2] and [H Theorem 1.7]. 

Theorem 1.13. Suppose that X is Boyer-type surface. Then 

lct(X)^2/3 ^ (ao,ai,a2,a3,d) G {(1,1,1,1,3),(1,1,2,3,6)}. 

We prove Theorem 11.131 in Section IH because the proof of [21 Lemma 5.2] is only sketched. 
The main purpose of this paper is to prove the following three results (see Sections [21 [31 E]) . 

Theorem 1.14. The assertion of Theorem 1 1 . 1 2 1 holds without the assumption / ^ 10. 

Theorem 1.15. Suppose that 1 = 2. Then 

• either (oq, ai, 02, as, d) = (1, 1, s,r,s + r), where s and r are positive integers, 

• or the quintuple (ao, ai, a2, as, d) belongs to one of the following infinite series: 

- (l,2,m,m + l,2m + 2), 

- (1, 3, 3m, 3m + 1, 6m + 3), 

- (1, 3, 3m + 1, 3m + 2, 6m + 5), 

- (3, 3m, 3m + 1, 3m + 1, 9m + 3), 

- (3, 3m + 1, 3m + 2, 3m + 2, 9m + 6), 

- (3, 3m + 4, 3m + 5, 6m + 7, 12m + 17), 

- (3, 3m + 1, 6m + 1, 9m, 18m + 3), 

- (3, 3m + 1, 6m + 1, 9m + 3, 18m + 6), 

- (4, 2m + 1, 4m + 2, 6m + 1, 12m + 6), 

- (4, 2m + 3, 2m + 3, 4m + 4, 8m + 12), 
where m is a positive integer, 

• or the quintuple (oq, ai, a2, as, d) lies in the sporadic set 

' (1, 4, 5, 7, 15), (1,4, 5, 8, 16), (1, 5, 7, 11, 22), (1, 6, 9, 13, 27), (1, 7, 12, 18, 36), 
(1,8, 13, 20, 40), (1,9, 15, 22, 45), (1,3, 4, 6, 12), (1,4, 6, 9, 18), (1,6, 10, 15, 30), 
(2, 3, 4, 7, 14), (3, 4, 5, 10, 20), (3, 4, 10, 15, 30), (3, 4, 6, 7, 18), 
(5, 13, 19, 22, 57), (5, 13, 19, 35, 70), (6, 9, 10, 13, 36), (7, 8, 19, 25, 57), 
(7, 8, 19, 32, 64), (9, 12, 13, 16, 48), (9, 12, 19, 19, 57), (9, 19, 24, 31, 81), 
(10, 19, 35, 43, 105), (11, 21, 28, 47, 105), (11, 25, 32, 41, 107), (11, 25, 34, 43, 111), 
(11, 43, 61, 113, 226), (13, 18, 45, 61, 135), (13, 20, 29, 47, 107), 

^ (13, 20, 31, 49, 111), (13, 31, 71, 113, 226), (14, 17, 29, 41, 99) 

Theorem 1.16. Suppose that 

(ao, ai, a2, as, d) = (3, 3m + 1, 3m + 2, 6m + 1, 12m + 5) , 
where m E Z>o- Then lct(X) = 1. 

The results of [IT], [12], [l], [2], [3], [5] together with Theorem 11.161 imply the following result. 



Corollary 1.17. Suppose that X is not Boyer-type surface and the inequahty 

holds. Then X admits an orbifold Kahler-Einstein metric with the fohowing possible exceptions: 

• the quintuple (oq, oi, 02, 03, d) lies in the set 

r (2, 3, 4, 7, 14), (7, 10, 15, 19, 45), (7, 18, 27, 37, 81), 1 
\ (7, 15, 19, 32, 64), (7, 19, 25, 41, 82), (7, 26, 39, 55, 117) J ' 

• (ao, ai, 02, as, d) = (1,3,5,7,15) and 0(xo, xi, X2, 3:3) does not contain X1X2X3, 

• (ao, ai, 02, as, d) = (2,3,4,5,12) and 0(xo, xi, X2, xs) does not contain X1X2X3. 

One can easily check that for each quintuple (oq, ai, 02, as, d) listed in Theorems ll.12l and ll.15l 
there exists a well-formed quasismooth hypersurface in P(ao, ai, 02, as) of degree d. 

We thank C.Boyer, B.Nill, D. Orlov, J.Park, J.Stevens, G. Tian, S.S.-T.Yau and Y. Yu for 
very useful discussions. Special thanks go to Laura Morris for checking the computations in |19j . 
We are grateful to Pohang Mathematics Institute (PMI) for hospitality. 

2. Technical result 

Let X be a quasismooth hypersurface in P(ao, ai, a2, as) of degree d. Then X is given by 

(t){x,y,z,w) = C P(ao,ai,a2,a3) = Proj (^C [x, y, z, 

where wt(x) = ao, wt(y) = ai, wt(z) = 02, wt(it;) = as, and 4){x,y,z,w) is a quasihomogeneous 
polynomial of degree d. The equation 

(l)[x,y, z,w) = C = Spec^C[x, y, z,w]^ , 

defines an isolated quasihomogeneous singularity (V,0), where O is the origin of C^. 
Suppose that d < X]j=o ^^'^ suppose that V is indeed singular at the point O. Then 

3 ^ multo(T/) ^ 2 

and the singularity {V,0) is rational. By [19, Theorem 2.1], one has 

(/>(x, y, z, w) = C{x, y, z, w) + x{x, y, z, w) 

where ^(x, y, z, w) and x{x-, y, z, w) are quasihomogeneous polynomials of degree d with respect 
to the weights wt(x) = ao, wt(y) = ai, wt(z) = a2, wt(t) = as such that the quasihomogeneous 
polynomials ^{x,y, z,w) and xi^^V^ z,w) do not have common monomials, the equation 

^ (x, y, z,w) = C = Specie [x, y, z, w] 

defines an isolated singularity, and ^(x, y, z, w) is one of the following polynomials: 
I Ax" + By^ + Cz'y + Dw\ 
II ^x° + Byl^ + Cz'f + Dzw\ 

III ^x° + Byl^ + Cz'^w + Dzw^, 

IV Ax°' + Bxyl^ + Cz^ + Dzw'^, 
V Ax'^y + Bxyf^ + Cz^ + Dzw\ 

VI Ax'^y + Bxyf^ + Cz^w + L'z-w'', 



VII ^x" + 5/ + Cyz^ + Dz'w'', 
VIII ^x° + Byf^ + Ct/z'^ + Dyw^ + Sz^-w^, 
IX ^x° + Byf^w + Cz'^w + Dyw^ + ^y'z^, 
X ^x° + Byf^z + CzTy; + Dyw\ 
XI ^x° + Sx/ + Cyz^ + Dz-uj^ 
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XII Ax"' + Bxy^ + Cxz"< + Dyw^ + Ey'z^, 

XIII Ax°' + Bxyf^ + Cyz'^ + Dyw^ + 

XIV Ax" + 5x/ + Cxz"/ + Dxti;^ + E^y'/ + Fz'^w^, 
XV + Bxyl^ + Cxz"^ + L'ztf;'^ + Ey^z'^, 

XVI + Bxyl^ + Cxz^ + L>xtf^ + Ey^z'^ + Fz'^if;'', 

XVII Ax°'y + Bxy^ + Cyz^ + Dxw^ + E^y^w^ + Fx^z^, 
XVIII + Bx/ + Cyz-^ + + Ez^w^, 

XIX + Sx/ + Cz-^w + Dyty^ 

where a, (5, 7, (5 are positive integers, e, C, & are non-negative integers, and A^ B, C, D, E, F are 
complex numbers. Note that we assume no restrictions on the corank of the polynomial (p. 
For simplicity of notations, we suppose that 

A=B=C=D=E=F=l 
in the rest of the papeiQ- Let v{x, y, z, w) be the (a, /3, 7, (5)-part of the polynomial ^(x, y, z, w). 

Remark 2.1. Using the above list one can check that the following conditions are equivalent: 

• v{x, y, z, w) has 4 different monomials and v{x, y, z, w) ^ xz + xy + zw + yw, 

• for a given quadruple (q,/3,7, 5) there is a unique quintuple 

(00,01,02,03,'^) 

such that v{x, y, z, w) is a quasihomogeneous polynomial of degree d with respect to 
the weights wt(x) = oq, wt(y) = ai, wt(2;) = 02, wt(t) = 03 and gcd(ao, oi, 02, 03) = 1. 

Remark 2.2. If v{x, y, z, w) has less than 4 monomials, then the corank of (f) is at most 3, which 
can be either directly seen from the above list, or derived from [151 Lemma 4.3]. 

For every (^{x,y, z,w), the possible values of the quadruple (a, /3,7, (5) are listed in with 
the following minor exceptions: 

• the following cases when v{x,y,z,w) has less than 4 monomials are skipped: 
III ^(x, y, z, w) = x°' + y^ + z'^w + zw^ and 7 = 5 = 1, 

V ^ (x, y, z, w) = x"y + xy^ + z'^ + zw^ and a = (3 = 1, 
VI ^(x, y, z, w) = x"y + xy^ + z^w + zw^ and a = j3 = 1 or/and 7 = 5 = 1, 

• the following sporadic cases are omitted: 

XI ^(x, y, z, w) = x" + xy^ + yz'^ + zw^ and (a, /3, 7, 6) = (2, 4, 13, 3), 
XII ^ (x, y, z, w) = x°' + xy^ + xz'^ + yw^ + y'^z^ and 

(a, /3, 7, 5, e, C) G { (5, 4, 3, 2, 1, 3) , (7, 4, 3, 2, 2, 2) , (6, 5,3,2,1,3)}. 

Definition 2.3. We say that 

• the hypersurface X is degenerate if d = Oj for some i (cf. [TH Definition 6.5]), 

• the hypersurface X is Yau-type surface if / = aj + for some i and 

• the hypersurface X is Yu-type surface if / = aj + 0^/2 for some i and j. 

Note that if v{x^ y, z, w) has less than 4 monomials, then X is a Yau-type surface. 
The assertion of Theorem 11.141 is implied by the following result. 

Theorem 2.4. Suppose that X is not degenerate. Then 

• either X is Yau-type surface, 

• or X is Yu-type surface, 

• or X is Boyer-type surface, 

• or (00,01,02,03,6?,/) belongs to one of the infinite series listed in Table [U 

-'^The singularity defined by ^{x,y,z,w) is not necessary isolated if A — . . . — F = 1 (this happens, for instance, 
in the case XIX if a — p — ^ — 5 = 1). We hope that such abuse of notation will not lead to a confusion. 
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• or (oq, ai, 02, 03, d, /) lies in the sporadic set listed in Table El 

One can check that for each sixtuple (oq, oi, 02, 03, d, /) listed in Table [1] and [21 there exists 
a well- formed quasismooth hypersurface in P(ao, ai, 02, 03) of degree d. 

Remark 2.5. One can check that lct{X) < 2/3 if 

(ao,ai,a2,a3,d) | (l, 1, 1, 1, 3) , (l,l,2,3,6)| 
and X is either Yau-type surface, or Yu-type surface or Boyer-type surface (cf. Theorem II. 13p . 
To prove Theorem 12.41 we must find all possible values of the quadruple (a, /3, 7, 5) such that 

gcd{ai,aj,ak) = 1 

and d is divisible by gcd(aj, Oj) for all i ^ j ^ k ^ i. Let us show how to do this in few cases. 

Example 2.6. Suppose that the hypersurface X is well-formed, and suppose that the quasiho- 
mogeneous polynomial S,{x,y, z,w) is found in the third part of [19^ Case X.3(l)]. Then 

^ (x, y, z, w) = + y^z + z^w + yw"^, 

where 5 ^ u ^ 18. Hence 2ao = 3ai + 02 = 5a2 + 03 = ai + ua^. Put 03 = a. Then 

, . /(15u + l)a (4u + l)a (3n - 2)a (15^ + 1)0 
(00,01,02,03,0!) = — , , ,0 



22 11 ' 11 11 

where either o = 1 or o = 11, because gcd(ai, 02, 03) = 1. 

Suppose that o = 1. Then 3u — 2 and 4n + 1 are divisible by 11. We see that u = 8. Then 

(15n + l)fl 121 

On = = € ^, 

22 22 ^ ' 

which is a contradiction. 

We see that o = 11. Then u must be odd for oq to be integer. Thus, we obtain 7 solutions: 

• (00, 01, 02, 03, d,/) = (38,21,13,11,76,7), 

• (oo, oi, 02, 03, d, I) = (53, 29, 19, 11, 106, 6), 

• (oo, oi, 02, 03, d, /) = (68, 37, 25, 11, 136, 5), 

• (oo, 01,02, 03, d,/) = (83,45,31,11,166,4), 

• (oo, oi, 02, 03, d, /) = (98, 53, 37, 11, 196, 3), 

• (00, 01, 02, 03, d,/) = (113,61,43,11,226,2), 

• (00, 01, 02, 03, d, /) = (128, 69, 49, 11, 256, 1). 

Example 2.7. Suppose that the hypersurface X is well- formed, and suppose that the quasiho- 
mogeneous polynomial ^{x,y, z,w) is found in the second part of [HI Case XII. 3(16)]. Thei0 

= + xy^ + xz^ + yw^ + y'^z^ ^ 

which gives 3oo = oq + 5oi = oq + 2o2 = oi + 4o3, which contradicts the well-formedness of X. 

Example 2.8. Suppose that the hypersurface X is well-formed, and suppose that the quasiho- 
mogeneous polynomial ^{x,y, z,w) is found in [191 Case 1.2]. Then 

^(x, y, z, w) = x"^ + y'^ + z^ + , 

where r € Z5.3. Hence 2oo = 3oi = 3o2 = ro3. Thus oq = 3 and 01 = 02 = 2, because 

gcd (00,01,02) = 1. 

We see that 03 = 6/r. Since r ^ 3, we have 03 = 1, because gcd(oi, 02, 03) = 1. 



Note that there is a misprint in [191 Case XII. 3(16)], and one should read (5,4) instead of (4,5). 
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Example 2.9. Suppose that the hypersurface X is wen-formed, and suppose that the quasiho- 
mogeneous polynomial ^{x,y, Zjw) is found in the fourth part of [19', Case IX. 3(3)]. Then 

^ (x, y, z, w) = + y'^w + z^w + yw'^ + y'^z^ , 

where s G Z^g- Hence 3ao = 2ai + 03 = 602 + as = ai + 503. Put = a. Then 

/ ,\ f (2s — 1)0 (s — l)a \ 
(ao, ai, 02, a3, aj = I , [s - l)a, , a, (2s - Ija 1 , 

where d is divisible by gcd(ai, 02) = (s — l)a/3. Thus, we have 

s - 1 I 3(2s - 1), 

which is possible only if 3 is divisible by s — 1, which contradicts the assumption s ^ 6. 

Example 2.10. Suppose that the hypersurface X is well-formed, and suppose that the quasi- 
homogeneous polynomial (,{x,y, z,w) is found in the first part of Case VIII. 3(5)]. Then 

^(x, y, z, w) = + y** + yz^ + yw^^ + z'^w'', 

where s G Z^4. Hence 2ao = soi = ai + 3a2 = ai + Sa^. Put oi = a. Then 

. ,\ /•so (s — l)a (s — l)a 
(ao,ai, 02,03,0) = 1 Y'«' ^ ' ^ 

where d = so is divisible by gcd(o2,03) = (s — l)o/3, because X is well-formed. Thus 

s — 1 I 3s, 

which implies that s = 4, because s ^ 4. Hence, we have 

(oo, oi, 02, 03, d) = (2a, o, o, o, 4a) , 

which gives a = 1. Then X is a smooth del Pezzo surface X such that Kj^ = 2. 

Example 2.11. Suppose that the hypersurface X is well-formed, and suppose that the quasi- 
homogeneous polynomial ^(x, y, z, w) is found in the second part of [I9l Case XVIII. 2(2)]. Then 

(x, y, z, = x'^z + xy"^ + yz'^ + yufi + z'^w''' , 

where s G Z^4. Hence 2ao + 02 = oq + 2ai = oi + S02 = oi + 303. Put 02 = o. Then 

, . / (2s - l)a (s + 1)0 so (4s + l)a 
(00, 01, 02, 03, d) = I ^ , ,a,y, ^ 

Since either s or s + 1 is not divisible by 3, we see that a is divisible by 3. But 

gcd (00,01,02) = 1, 

because X is well-formed. Then a = 3. Thus, we have 

(oo, oi, 02, 03, d) = (2s - l,s -I- 1,3, s, 4s -|- l), 

where s G ^^4. Note that if s = 2 mod 3, then 

gcd (00,01,02) = 3, 

which is impossible. Then either s = mod 3 or s = 1 mod 3. 

Suppose that s = mod 3. Then s = 3n for some n G Z^2- We have 

(oo, oi, 02, 03, d) = (6n — 1, 3n + 1, 3, 3n, 12n -|- l) , 

and d is not divisible by gcd(o2,03) = 3, which contradicts the well-formedness of X. 
We see that s = 1 mod 3. Then s = 3n + 1 for some n G Zj.2. We have 

(oq, ai, 02, 03, d, /) = (6n + 1, 3n + 2, 3, 3n + 1, 12n + 5, 2) . 



Example 2.12. Suppose that the hypersurface X is well- formed, and suppose that the quasi- 
homogeneous polynomial ^{x,y^z,w) is found in [19, Case IX. 2(1)]. Then 

^{x,y, z, = -|- y'^w + z''w + yw'^ + y'^z'^, 

where r G Zj.2 B s. Hence 2oo = 2ai -|- 03 = ra2 -|- as = ai -|- 503. Put 02 = a. Then 

, ,\ ( (2s — \)ra ra ra (2s — l)ra\ 

Note that gcd(2s — l,4(s — 1)) = 1. Thus ra is divisible by 4(s — 1). But 

gcd (ao, 01,03) = 1, 

because the hypersurface X is well-formed. Then ra = 4(s — 1). Hence, we have 

/ 4s — 4 \ 
[ao,ai,a2,as,d) = (2s - 1,2s - 2, ,2,4s - 2 j , 

where d is divisible by gcd(ai, 02). Hence r(4s — 2) is divisible by s — 1. Then 

r = k{s — 1) 

for some k G Since 4/A; = 02 G Z>0; one obtains that k € {1, 2,4}. 

If /c S {1, 2}, then gcd(ai, 02, 03) = 2, which is impossible. We see that /c = 4. Then 

(oo, ai, 02, 03, d) = (2s — 1, 2s — 2, 1, 2, 4s — 2) . 

Example 2.13. Suppose that the hypersurface X is well-formed, and suppose that the quasi- 
homogeneous polynomial ^{x,y, z,w) is found in the first part of Case V.3(4)]. Ther|j 

^(x, y, z, w) G ^yx^ + xy^ + z"^ + zw'^ , yx^ + xy^ + + 

where s G Z^3. If ,^(x, y, z, w) = yx^ + xy"^ + + zw^ , then 

3ao + oi = Oo + 3ai = 2a2 = 02 + sos 

which contradicts the well-formedness of the hypersurface X. 

We have ^{x, y, z, w) = yx^ + xy'^ + z^ + zup' . Then Soq + ai = oq + 3ai = sa2 = 02 + 203 and 



/ ,\ ( sa sa (s — l)a \ 
(ao,ai,a2,a3,aj = ( ^'T'"' 2 ' / 



where 02 = a. Since gcd(ao, ai, 02) = 1, we see that 4 | a. Then a G {2, 4}. 
Suppose that a = 2. Then 

(ao, ai, 02, as, d) = |' 2, s - 1, 2s^ , 
where s is divisible by 2 and not divisible by 4. Then s = 4n + 2, where n G Z^i. We have 
(ao,ai,a2,a3,c?,^) = (2n + 1, 2n + 1, 2, 4n + 1, 8n + 4, l) . 
Suppose that a = 4. Then (oq, ai, 02, as, d) = (s, s, 4, 2s — 2, 4s). Then 
(ao, ai, a2, as, d, l) = (2n + 1, 2n + 1,4, 4n, 8n + 4, 2) 
for some n G Z^i, because s must be odd. 



Note that there is a misprint in [191 Case V.3(4)] and one should read (r, s) — (3, s) instead of (s, r) 
and the same correction should be made in the second and the third part of this subcase. 
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= (3,s), 



Example 2.14. Suppose that the hypersurface X is well-formed, and suppose that the quasi- 
homogeneous polynomial ^(x,y, Zjw) is found in the first part of [19' Case XI. 3(14)]. Then 

^{x, y, z, w) = + xy^ + yz^ + znP' , 

where s G Z^3. Hence 3ao = + 3ai = ai + sa2 = 02 + 203. Put 02 = a. Then 

/ N f 3as 2as o(9s — 7) 9as\ 
{ao,ai,a2,a3,d) = I — ,— ,a, — ,— I , 

and gcd(ao, ai, 02) = 1, because X is well-formed. Thus either a = 1 or a = 7. 
Suppose that a = 1. Then 



, . /3s 2s 9s -7 9s\ 

(ao,ai,a2,a3,dj = ly,y,l, ,y 1 



which implies that s = 7k for some k G Z^i. Hence, we have 



{ao,ai,a2,a3,d) = I 3k, 2k, 1, — - — ,9k j 



which implies that A; = 2n — 1 for some n G Z^i. We have 

(oo, ai, 02, 03, d, /) = (6n — 3, 4n — 2, 1, 9n — 5, 18n — 9, n) . 
Suppose that a = 7. Then 



/ 9s _ 7 \ 

{ao,ai,a2,a3,d) = (3s, 2s, 7, — - — ,9sj 



which implies that s = 2k + 1 for some k G l^^i- Hence, we have 

{ao,ai,a2,a3,d) = (6/c + 3, 4/c 2, 7, 9A: + 1, 18/c + 9) , 

but gcd(ao, ai, 02) = 1. Then k 3 mod 7. Thus, we have the following solutions: 

• {ao,ai,a2,a3,d,I) = (28n - 22, 42n - 33, 7, 63n - 53, 126n - 99, 7n - 2), 

• (ao, 01,02, 03, d,/) = (28n- 18,42n- 27,7,63n- 44,126n-81,7n- 1), 

• (00, ai, 02, 03, d, /) = (28n - 10, 42n - 15, 7, 63n - 26, 126n - 45, 7n + 1), 

• (oo, oi, 02, 03, d, I) = (28n - 6, 42n - 9, 7, 63n - 17, 126n - 27, 7n + 2), 

• (00,01,02,03, d, I) = (28n — 2, 42n — 3, 7, 63n — 8, 126n — 9, 7n + 3), 

• (oo, oi, 02, 03, d, /) = (28n + 2, 42n + 3, 7, 63n + 1, 126n + 9,7n + 4), 

where n G Z^i. 

Example 2.15. Suppose that the hypersurface X is well-formed, and suppose that the quasi- 
homogeneous polynomial ^{x,y, z,w) is found in [19, Case VIII.2(1)]. Then 

^(x, y, z, w) = + + yz*" + yw'^ + z^w^ , 

where r G ^^^2 3 s. Hence 2ao = 2oi = oi + ro2 = oi + S03. Put 02 = o. Then 

ra,ra,a, , 

where a = gcd(oo, oi, 02) = 1, because X is well-formed. Thus, we have 

(oo, 01,02, 03, d) = (^r,r,l, ^,2r^ , 

where r/s = gcd(ao, oi, 03) = 1. Then (oq, oi, 02, 03, d) = (r, r, 1, 1, 2r). 
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Example 2.16. Suppose that the hypersurface X is well- formed, and suppose that the quasi- 
homogeneous polynomial ^(x,y, Zjw) is found in [19, Case XIV. 1(1)]. Then 

^ (x, y, z, w) = x"^ + xy + xz'^ + xw^ + y'^z^ + z^w^ , 

where r,s,t£ Z^2- Hence roo = ao + ai = uq + sa2 = oq + ta^. Put uq = a. Then 

/ 7\ f f ^\ (r — l)a (r — l)a \ 
[ao,ai,a2,a3,d) = la, [r - l)a, , ,ra I , 

It follows from the well-formedness of the hypersurface X that 

god (ao,ai,a2) = gcd (ao,ai,a3) = 1, 
so that a divides s and t. Put s = ap and t = aq for some q £ Z^i 3 p. Then 

/r — 1 r — 1\ 

gcd , = 1, 

\ P Q J 

because gcd(ai, 02, 03) = 1, where r — 1 is divisible by p and q. Thus, we see that 

p = mk, q = ml, r — 1 = mkl, 
where m, k and / are positive integers such that gcd(A:,/) = 1. Then 

(oq, ai, 02, 03, d) = (a, mkla, I, k, {mkl + l)aj 
By well-formedness one obtains that d is divisible by gcd (01,02) = L Then / | o and 

/ I gcd (00,01,02) 

so that by well-formedness 1 = 1. In a similar way we get k = 1. Then 

(oo, 01,02, 03, d, I) = (o, ma, 1, 1, (m + l)a, 2) , 
where m and o are arbitrary positive integers. 

The proof of Theorem 12.41 is similar in the remaining cases. 

3. Small index cases 

Let X be a well-formed quasismooth hypersurface in P(oo, oi, 02, 03) that is given by 

(p{x,y,z,t) = C P(ao,oi,02,03) ^ Proi(c[x,y,z,t]y 

where wt(2;) = 09^ wt(y) = oi ^ wt(2;) = 02 ^ wt{t) = 03, and (p{x,y,z,t) is a quasihomoge- 
neous polynomial of degree d < Yli=o ^ ~ S?=o ~ ^• 

Lemma 3.1. The following conditions are equivalent: 

• the hypersurface X is Yau-type surface and 1 = 2, 

• the equalities oq = oi = 1 and ^ = 02 + 03 hold. 

Proof. This is easy. □ 
Note that the surface given by the equation 



X 



aa+aa ^ yaa+aa ^ ^ q ^ P(l, 1,02,03) = Proj ( C [x, y , Z, t 



is quasismooth and well- formed if oq = oi = 1 and d = 02 + 03 . 

Lemma 3.2. Suppose that X is Yu-type surface and 1 = 2. Then 

• either (oq, oi, 02, 03, d) = (1, 1, 1, 2, 3), 

• or (00,01, 02, 03, d) = (1,1,2,03,03-^2), where 03 ^ 2, 

• or (oq, 01,02, 03, d) = (1,2,02,02 -I- l,2o2 -I- 2), where 02 ^ 2. 
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Proof. We may assume that 

2 = / = ao + y, 

which imphes that oq = 1 and ai = 2. Then d = 02 + as + 1. 

Note that contains one monomials among t", f^z, t^y, t^x for some n G Z>o- 

If <j) contains t", then 03 | d, hence 03 | 02 + 1. Then either 03 = 02 = 1, or 03 = 02 + 1. 

If <j) contains then 03 + 1 is divisible by 03, and hence 03 = 02 = 1- 

If (j) contains f^y, then 02 — 1 is divisible by 03, and hence 02 = 1. 

Finally, if (j) contains f^x, then 02 is divisible by 03. We see that 

d = 2a2 + 1 

and 03 = 02- By well-formedness one obtains that 2a2 + 1 is divisible by 02- Then 02 = 1. □ 

Lemma 3.3. Suppose that X is Boyer-type surface and 1 = 2. Then 

• either (ag, ai, 02, 03, d) = (1, 3, 3n, 3n + 1, 6n + 3) for some n G Z^i, 

• or (oq, Ol, 02, 03, d) = (1, 3, 3n + 1, 3n + 2, 6n + 5) for some n G Z^i. 

Proof. One has (oq, ai, 02, 03) = (2 — A;, 2 + /c, a, a + /c) for some a G Z^2- Hence G {0, 1}. 
Suppose that k = 0. Then (ag, ai, a2, 03, d) = (2, 2, a, a, 2a + 2), which implies that a. Then 

a I d, 

which implies that a \2. Thus, we see that a = 1, which contradicts the assumption a ^ 2. 
We see that k = 1. Then 

(ao, ai, 02, 03, d) = (1, 3, a, a + 1, 2a + 3) 

where a G Zj.3. Note that (j) contains one monomial among y^, y^x, y^z, y^t for some k G Z>o. 
Suppose that (/> contains y^ or y^z. Then 3 | a. We have a = 3n for some n G Z^i. Then 

(ao, ai, 02, 03, d) = (1, 3, 3n, 3n + 1, 6n + 3) . 

Suppose that (p contains y^t. Then 3 | a + 2, so that a = 3n + 1 for some n G Z^i. We have 

(oo, ai, a2, 03, d) = (l, 3, 3n + 1, 3n + 2, 6n + 5) . 

We may assume that contains y'^x. Then 3 | 2a + 2, so that 

a = 3n + 2 

for some n G Z^i. Hence a-^ = 3n + 2, and 

3 = gcd(ai, as) | d = 6n + 7 
by the well-formedness of the hypersurface X, which is impossible. □ 

The assertion of Theorem 11.151 easily follows from Lemmas 13. 1^ 13. 2( 13.31 and Theorem 12.41 
Note that one can find all possible quintuples (ao, ai, a2, as, d) with any fixed / in a similar way. 

4. Boyer-type surfaces 

Let X be a well-formed quasismooth hypersurface in P(ao, ai, a2, as) that is given by 

(p{x,y,z,t) = C P(ao,ai,a2,as) ^ Proj (^C [x, y, z, t] ^ , 

where wt(x) = oq, wt(y) = ai, wt(2;) = a2, wt(t) = as, and (j){x,y,z,t) is a quasihomogeneous 
polynomial of degree d < Yli=o • Then there arc non-ncgcitivG integers ^yi ^2:; 

such that 

• (j) contains at least one monomial among x*"", x^'^y, x^'^z, x^'^t, 

• 4> contains at least one monomial among y*", y^^x, y^^z, y^^t, 

• (j) contains at least one monomial among z*^, z^'x, z^'y, z^'t, 

• (j) contains at least one monomial among f\ f*z, 
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where we assume that i^, iy, iz, H are the biggest integers of such kind. Put I = YI^^q ai — d. 
Lemma 4.1. Suppose that 

(ao, ai, 02, 03, d) = (^I — k, I + k,a,a + k,2a + k + l) 

for some non-negative integer k < I and some positive integer a. Then 

• either I + k, 

• or / = ao/2 + 02 and there is m G Z>o such that 

(oq) oi, 02, 03, dj = (2, 4m — 2, 2m — 1, 4m — 3, 8m — 4) , 

• or (oq, oi, 02, 03, d) = (1, 3, 1, 2, 5) and / = 2 = oq + 02, 

• or (oq, oi, 02, 03, d) = (3, 5, 1, 2, 7) and / = 4 = oo + 02. 

Proof. Suppose that the incquahty I + k > a holds. Then 

2o + [iy -2){l + k) <iy{l + k) ^2a + k + I, 

which imphes that iy ^ 2. Note that (j) does not contain any monomial among y, z, t, x. 
Suppose that (f) contains the monomial y^t. Then 

27 + 2A; + o + A; = 2a + A; + 7, 

which implies that o = 7 + 2k. This contradicts the assumption that o < 7 + A;. 
Suppose that (j) contains the monomial y'^z. Then 

21 + 2k + a = 2a + k + I, 

which implies that I + k = a. But I + k > a. We see that (f) does not contain y'^z. 
Suppose that (p contains the monomial y'^x. Then 

27 + 2A: + 7 - A: = 2o + A; + 7, 

which implies that I = a. Then 

(oo, 01,02, 03, d) = [l - k,I + k,I,I + k,3I + k) 

which implies that 7 + A; | 37 + A;, because X is well-formed. Then A; = 0. But 

7 = 7-|-A;>a = 7, 

which is a contradiction. Hence, we see that (f) does not contain y^x. 
Suppose that (f) contains a monomial yt. Then 

I + k + a + k = 2a + k + I, 

which gives k = a. Then (oq, oi, 02, 03, d) = {I — k, I + k, k, 2k, I + Sk), which implies that 

k = gcd{k,2k) \I + 3k, 

because X is well-formed. We have k \ I. Then k = 1 and 

(00,01, 02, 03, d) = (7-1,7-1-1,1,2,7-1-3), 

which implies that 7 is even. Then 

i^(7-l) ^7 + 3 

which implies that either 7 G {2, 4} or ij, ^ 1. In the former case, we have 

(00, 01, 02, 03, d) G I (1, 3, 1, 2, 5) , (3, 5, 1, 2, 7) I , 

which implies that we may assume that Zj, ^ 1. Then (p contains at least one monomial among 

xy ^ tie z ^ 3ct ^ 

which is impossible, because 7 -|- 3 ^ {27, 7, 7 + 1}. 

To complete the proof we may assume that (f) does not contain yt. 
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Suppose that cf) contains the monomial yz. Then 

I + k + a = 2a + k + I, 

which is impossible, because a 0. We see that (f) does not contain yz. 
Suppose that (j) contains the monomial yx. Then 

21 = 2a + k + I, 

which implies that I = 2a + k. Then 

(ao, ai, 02, as, d) = (2a,2{a + k),a,a + k,2{2a + k)) 

which implies that a + k \ 2a + k, because X is well-formed. Then k = and 

(ao,ai,a2,03,(i) = {2a,2a,a,a,Aa) , 

which implies that o = 1 and (oq, ai, 02, 03) = (2, 2, 1, 1, 4). 

We may assume that does not contain yx. Then (f) contains y^. We have 

2{l + k) = 2a + k + I, 

which implies that I + k = 2a. Then 

(oo, ai, 02, 03, d) = (2(a — k), 2a, a,a + k, 4a) , 

which implies that a is odd and k is even, because X is well-formed. 

We may assume that k ^ 0, because (ao, ai, 02, 03) = (2, 2, 1, 1, 4) if A; = 0. 
Suppose that (f) contains x'^t. Then 

2ix (a — /c) + a + /c = 4a 

which implies that (2ix — 3)a = {2ix — l)k, which is impossible, because a is odd and k is even. 
Suppose that cp contains x'^'z. Then 

2ix [a — k) + a = Aa 

which implies that {2ix — 3)a = 2ixk, which is impossible, because a is odd. 
Suppose that (f) contains x'^y. Then 

2ix [a — k) +2a = 4a 

which immediately implies that {i^ — 1.)a = ixk. Then 

ix = 2n + l 

for some n G Z>o, because a is odd and k is even. Then 

2na = {2n + l)k, 
which implies that a = 2n + 1 and k = 2n. Then 

(ao,ai,a2,a3,d) = (2, 4n + 2, 2n + 1, 4n + 1, 8n + 4) , 

which implies that we may assume that cf) does not contain 
We see that cj) contains x*^. Then 

2ix (a — A;) = 4a 

which gives {ix — 2)a = ixk. Then ix = 2n, where n G Z>o, because a is odd and k is even. Then 

a(n — 1) = kn, 
which implies that a = n and k = n — 1. Then 

{ao,ai,a2,a3,d) = {2,2n,n,2n + l,4n), 
which implies that n is odd. Put n = 2m + 1, where m G Z>o. Then 

(ao, ai, a2, 03, 0?) = (2, Am + 2, 2m + 1, 4m + 1, 8m + 4) , 
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which completes the proof. □ 
Corollary 4.2. Suppose that / ^ 3 min(ao, ai, 02, a3)/2, and 

(oq, ai, 02, as, d) = (^I — k, I + k,a, a + k,2a + k + 
for some non-negative integer k < I and some positive integer a. Then a ^ I + k. 

In the rest of the section, we prove Theorem ll.131 Suppose that X is Boyer-type surface. Then 
(oq, «!, a2) 0^3) c^) = [l — k, I + k,a,a + k,2a + k + 
for some non-negative integer k < I and some positive integer a ^ I + k. Then 

2a + k + I > max (^I — k, I + k, a, a + k^ , 
and (p contains no monomial among y, z, t, x. By [4, Theorem 1.7], we may assume that 

{ao,ai,a2,a3,d) ^ | (l, 1, 1, 1, 3) , (l, 1, 2, 3, 6) |. 

Lemma 4.3. The inequality k ^ holds. 
Proof. Suppose that k = 0. Then 

(ao, ai, a2, as, d) = (l, /, a, a, 2a + l), 
which implies that a \ I, because X is well-formed. Then a = 1 and 

(ao,ai,02,a3,d) = (1,1,1,1,2 + 
which implies that 1 = 1. Then (ao, ai, a2, as, d) = (1,1,1,1,3), which is a contradiction. □ 
Let Cx C X he a. curve that is cut out by the equation x = 0. Then 

X, — Cx 
ao 

is not log canonical for any A G Q such that A > ao//. Thus, we may assume that 

2 

because lct(X) ^ ao//. Then / ^ 3k. 

Lemma 4.4. Suppose that <j){0,0, z,t) is not a zero polynomial. Then lct(X) < 2/3. 

Proof. Suppose that (j){0,0, z,t) contains z''P for some non-negative integers i and j. Then 

[i + j)a ^ (^i + j) a + jk = ia + j [a + k) = 2a + k + I ^ 3a, 

which implies that i + j ^ 3. 

Suppose that i + j = 3. Then j = and I + k = a, because k ^ 0. We see that 

(ao, ai, a2, as, d) = (a — 2k, a,a,a + k, 3a) , 

which implies that (/)(0, y, z, t) does not depend on t, because a f A;. Then the log pair 

X , —Ci 
3 

is not log terminal at the point x = y = z = ^. Hence, we have 

^ 2l-2k 
^ ' 31 3/ ' 

which implies that lct(X) < 2/3. Thus, we may assume that i + j ^ 3. 
Suppose that i = and j = 2. Then 

2{a + k) =2a + k + I, 
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which imphes that k = I. But I > k. 
Suppose that i = 2 and j = 0. Then 

2a = 2a + k + I, 

which imphes that k = I = 0, which is a contradiction. 
Thus, we see that i = j = 1. Then 

a + a + k = 2a + k + I, 

which imphes that / = 0, which is impossible. □ 
Therefore, to complete the proof of Theorem 11.131 we may assume that 

(p{0,y,z,t) = yil){y,z,t) 

for some polynomial 'ip{y,z,t). 

Lemma 4.5. The polynomial Tp{y,z,t) does not contain monomial divisible by t^. 
Proof. Suppose that ip{y,z,t) contains a monomial divisible by . Then 

2[a + k) + I + k ^2a + k + I, 
which implies that A; ^ 0, which is a contradiction. □ 
Lemma 4.6. The polynomial 'ip{y,z,t) does not contain tz* for any i G Z^o- 
Proof. Suppose that ijj{y,z,t) contains tz^, where i G Z^^q- Then 

{I + k) + {a + k) + ia = 2a + k + I, 
which implies that k + ia = a, which is impossible because a ^ I + k and / 7^ 0. □ 
Lemma 4.7. The polynomial 'ip{y,z,t) does not contain for any i S Z>o such that i ^ 2. 
Proof. Suppose that ^{y,z,t) contains z*, where i € Z>o. Then 

[I + k) + ia = 2a + k + I, 
which implies that i = 2. □ 
Therefore, we proved that 

(p{0,y,z,t) =y'ip{y,z,t) =y{Xz^ + yi[y,z,t)^, 
where ^(y, z, t) is a polynomial, and A € C. 

Lemma 4.8. Suppose that S,{y,z,t) is divisible by y. Then lct(X) < 2/3. 
Proof. The curve Cx is given by the equation 



y\\z^ + y^ 



^^^^^ =0cP(ai,a2,a3) ^Proj(c[y,z,t 



which implies that the log pair 



3 



is not log terminal at the point x = y = z = 0. Hence lct(X) ^ {21 — 2k)/ (31) < 2/3. □ 

Thus, to complete the proof of Theorem 1 1.131 we may assume that ^(y, z, t) contains the mono- 
mial z'^P for some non-negative integers i and j. Thus, we have 

{i + i)a + 2[l + k) ^ {i + j)a + jk + 2{l + k) = ia + j{a + k) +2{l + k) =2a + k + I, 

which implies that i + j ^ 1. 
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Lemma 4.9. Either i oi j 0. 

Proof. Suppose that i = j = Q. Then 2(7 + A;) = 2a + A; + J. But a ^ / + A;. □ 

Thus, either = (1,0) or = (0, 1). 
Lemma 4.10. Suppose that j = 0. Then lct(X) < 2/3. 

Proof. Suppose that i = 1 and j = 0. Then a = I + k and 

(oo, ai, 02, 03, (i) = [I — k, I + k, I + k, I + 2k, 31 + 3/c) , 

which imphes that both I + k and I — k are odd. 

Suppose that (f){0, y, z, t) depends on t. Then without loss of generahty we may assume that 
the polynomial (l){0,y,z,t) contains fy^ for some i G Z>o and some j G Z^o- Hence, we have 

i{l + 2A;) + j{l + k) =31 + 3k, 

which easily leads to a contradiction, because k ^ 1 and I ^ k + 1. 

Thus, we see that (p{0,y,z,t) does not depend on t. Hence, the log pair 




is not log terminal at the point x = y = z = 0, and lct(X) ^ (21 — 2k)/ (31) < 2/3. □ 
Thus, we may assume that i = and j = 1. Then a = I + 2k and 

(ao, ai, 02, 03, d) = (^I — k, I + k, I + 2k, I + 3k,3I + 5k) , 
which implies that / — A; is odd. 

Lemma 4.11. The polynomial (j){x,y, z,t) does not contain x^'^t. 
Proof. Suppose that <p{x,y,z,t) contains Then 

ix{l -k) +1 + 3k = 31 + 5k, 
which implies that {ix — 2)1 = k{ix + 2). Hence, we have 

ir + 2 

3k^I = k^^, 

which gives ix G {3,4}. Then 7 — A; is even, which is impossible, because X is well-formed. □ 
Lemma 4.12. Suppose that (f){x,y,z,t) contains x^^z. Then lct(X) < 2/3. 
Proof. Suppose that (f>{x,y,z,t) contains Then 

ix{l-k) +I + 2k = 3I + 5k, 
which implies that {ix — 2)1 = k{ix + 3). Thus, we have 

which implies that ix = 3 and I = 6k. Then 

(ao, ai, 02, 03, d) = (5A;, 7A:, 8fc, 9A:, 23A;) , 
which implies that A; = 1, because X is well-formed. Hence, we have 

(•^. i<^') 

is not log terminal at the point x = y = z = 0. Then \ct(X) ^ 3ao/(4/) = 5/8 < 2/3. □ 

Lemma 4.13. Suppose that (j){x,y,z,t) contains Then lct(X) < 2/3. 
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Proof. Suppose that (j){x, y, z, t) contains x'^^y. Then (i^ — 2)1 = k{ix + 4). We have 

ix 2 

which gives ix G {3, 4, 5}. Then ix = 4, because I — k is odd. We have / = 4A;, and 

(oo, ai, 02, as, d) = [3k, 5k, 6k, 7k, 17k) , 
which imphes that k = 1, because X is well-formed. Then 

X, -Cx 

is not log terminal at the point x = y = z = 0. Then lct{X) ^ 3ao/(4/) = 9/16 < 2/3. □ 
Thus, we see that (p{x, y, z, t) contains x*^. Then (ix — 3)1 = k{ix + 5). We have 

3k^I = k'^, 

Ix o 

which implies that ix € {4, 5, 6, 7}. But I — k is odd, so that = 6 and / = llk/3. Note that 

gcd(/,A:) =1, 

because X is well-formed. Thus 1 = 11 and k = 3, which is impossible, because I — k is odd. 
The assertion of Theorem 11.131 is proved. 

5. Global thresholds 
In this section we prove Theorem 11.161 using results from Appendix |X1 Let 

X C P(3, 3m + 1, 3m + 2, 6m + l) 
be a quasismooth well-formed hypersurface of degree 12m + 5, where m G Z>o- Denote 
by Ox the point in P(ao, oi, 02, as) that is given hy y = z = t = 0, 
by Oy the point in P(ao, ai, 02, as) that is given hy x = z = t = 0, 
by Oz the point in P(ao, ai, 02, as) that is given hy x = y = t = 0, 
by Ot the point in P(ao, ai, 02, as) that is given hy x = y = z = 0, 
by Lxz the curve in P(ao, ai, a2, as) that is given by x = z = 0, 
by Lzt the curve in P(ao, ai, a2, as) that is given hy z = t = 0, 
by Cx the curve on X that is cut out by x = 0, 
by Cy the curve on X that is cut out by y = 0. 
Note that the hypersurface X C P(3, 3m -|- 1, 3m -|- 2, 6m -|- 1) can be given by 

^3m+i^ + y^z + zh + t^x + eix'^yz^ + e2X™+iyt + egx^'^+^y^ = q C Proj (c [x, y, z, t] ) , 
where wt(x) = 3, wt{y) = 3m + 1, wt{z) = 3m -|- 2, wt(t) = 6m + 1, and E C. Then 

Sing{X) = {Ox,Oy,Oz,Ot}, 
and the hypersurface X has singularities of types 

at the points Ox, Oy, Oz and Ot, respectively. 

The curve Cx consists of two irreducible curves Lxz and Rx = {x = y^ + zt = 0}. We have 

Lxz ■ {-Kx) = — TTT — R.-{-Kx) = 77i — riWTa — Lxz-R. 



(3m-M)(6m-M)' ^ ' (3m + 2)(6m + 1) ' ^'^ 6m + 1 ' 



j2 ^ „2 _ 3(3m - 1 



(3m + l)(6m + 1)' (3m 2)(6m + 1) ' 
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and Lxz H Rx = {Ot}- The curve Cy is irreducible and the log pair 

is log canonical. Similarly, it is easy to see the log pair 

is log canonical and not log terminal. Thus, we see that lct(X) ^ 1. 
Suppose that lct(X) < 1. Then there is an effective Q-divisor 

D ~Q —Kx 

such that (X, D) is not log canonical at some point P G X. By Lemma [A. 6 1 we may assume 

and we may assume that either L^z <t- Supp(Z)) or <^ Supp(L'). 
Lemma 5.1. The point P is different from the point Oj. 

Proof. Suppose that P = Ot = L^z H Rx- Then Lxz C Supp(D), because otherwise 

1 < multp(Z)) ^ nmltp(^D ■ Lx^ ^ (6m + l)D ■ Lxz = ^ ^ < 1 
by Lemma |A.2[ Thus, we see that Rx (t. Supp(L'). Then 

6 



1 < multpl? ^ multp L> -Rx] ^ 6m + l)D ■ Rx 



3m + 2 

which implies that m = 1, i.e. (3, 3m + 1, 3m + 2, 6m + 1, 12m + 5) = (3, 4, 5, 7, 17). Put 

D = fiLxz + 

where G Q^O; and $7 is an effective Q-divisor such that Lxz ^ Supp(O). Then 

— = D ■ Rx = fJ-Lxz •Rx + ^-Rx = ^ + ^-Rx^-^-\ y-^ — ^ ^ -\ 1 

which implies that /x ^ 1/10. But it follows from Lemma lA.51 that 

1 / \ 9 9 1 

— = D ■ Lxz= [j^Lxz + ■ Lxz = + ^ ■ Lxz ^ + 7' 

which implies that /x ^ 2/9. The obtained contradiction completes the proof. 
It follows from Lemma lA.31 that P ^ Ox, because 

multojl) • a) ^ 3Z? • a = 2(12m + 5) ^ 
^"V '^7 ^ (3m + 2)(6m + 1) 

Lemma 5.2. The point P is not contained in Cx- 

Proof. Suppose that P G Cx- Then P 7^ Of by Lemma l5.ll Then either 

P&[Oy,Oz], 

or the surface X is smooth at the point P. Put 

D = fiLxz + ^, 

where fi G Q^o, and is an effective Q-divisor such that Lxz ^ Supp(il). If ^ 7^ 0, then 

D ■ Rx = {fJ'Lxz + ^) ■ Rx ^ f^Lxz ■ Rx ^ 



(3m + 2)(6m + l) ^ x ^ ^ xz x q^^i'- 
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which imphes that fi ^ 2/ (3m + 2). It follows from Lemma lA.51 that P L^^i because 

■ J^xz — [J^ ~ l-t-J^xzj ■ ^xz — '77, TTT ^ IT, ""TTTo r~nT ^ 



(3m + l)(6m + 1) (3m + l)(3m + 2) 3m + 1 
Thus, we see that P € Rx- Put 

D = XRx + T, 

where A G Q^O; and T is an effective Q-divisor such that (t Supp(T). If A 7^ 0, then 

2 3A 

D ■ Lxz = ( A-Ra- + T~ ) • ^ AL^^r ■ R^ 



(3m + l)(6m + l) ^ ' ^ 6m + 1 ' 

which implies that A ^ 2l(^m + 3). It follows from Lemma lA.51 that 

1 _ / > N 6 + 3(3m-l)A 4 1 
<T ■Rx = {D - XRx) ■ Rx = 7 -T-r ^ ^ 

\ X) X /O™ _1_ 0\|'C™ _1_ 1 ^ ^ 



3m + 2 ^ X] X (3^ + 2)(6m + 1) ^ (3m + l)(3m + 2) ^ 3m + 2' 

which is a contradiction. □ 
Lemma 5.3. Suppose that m ^ 2. Then P S Sing(X) U Cx- 
Proof. Suppose that P ^ Sing(X) U Cx- The equation 

9m + 6 = 3a+ (3m + l)/3 
has solutions (a,/3) = (3m + 2,0) and (a,/3) = (1,3). Similarly, the equation 

9m + 6 = 3a+ (3m + 2)/3 
has two solutions (a,/3) = (3m + 2,0) and (a,/3) = (0,3). The projection 

X P(3,3m + l,3m + 2) 
is a finite morphism outside of the curve Cx- Thus, it follows from Lemma lA.71 that 

, , , 2- (9m + 6) • (12m + 5) 

^ ' 3 • (3m + 1) • (3m + 2) • (6m + 1) 

because m ^ 2. But multp(D) > 1, because {X,D) is not log canonical at P E X. □ 
Thus, we see that m = 1 and P ^ Sing(X) U Cx- Moreover, we have 

multp(Cj;) < multp(Z?)multp(Cy) ^ multp(z) ■ Cy) ^ D • = — < 1, 

V / 105 

which implies that P ^ Cy. Hence, there is a unique curve Z C X such that Z is cut out by 

t = fixy 

and P ^ Z, where S C. Then Z is a hypersurface in P(3, 4, 5) that is given by 
+ y'^z + ^xyz^ + (fi^ + €21-1 + £3 j x'^y'^ + eixyz^ = C Proj ( C [x, y, ; 



4 

X z ■ 



Lemma 5.4. The curve Z is irreducible. 

Proof. Suppose that Z is reducible. Then + e2fJ- + £3 = 0, and X C P(3, 4, 5, 7) is given by 

x'^z + y^z + z'^t + t'^x + eixyz^ + e2x'^yt + e^x^y"^ = C Proj [c [x, y, z, t] ^ , 
where ei € C. Thus, by a coordinate change, we may assume £3 = and /x = 0. Then 

Z = Lzt + Rt, 

where Rt = {t = x^ -\- y^ + eixyz = 0}. Hence, the curve Rt is irreducible and 

12 5 2 

—Kx ■ Lzt = 77, —Kx ■ Rt = T, Lzt ■ Lzt = -777, Lzt ■ Rt = ^, Rt ■ Rt = -7- 
6 5 12 5 
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By Lemma rA.61 we may assume that either <f_ Supp(L') or Ri <f_ Supp(L'). Put 

D = iiLtz + il, 

where ^ G Q^O; and is an effective Q-divisor such that Lzt <^ Supp(O). If 7^ 0, then 

2 

- = D ■ Rt = [fiL;,t + ft)-Rt> fJ-Lzt ■ Rt = fJ; 
which imphes that /i ^ 2/5. It follows from Lemma lA.51 that P Lzt, because 

n ■ Lzt = {D - fJ-Lzt) ■ Lzt = — ^ ^• 
Thus, we see that P & Rt- Put 

D = \Rt + T, 

where A G Q^O; and T is an effective Q-divisor such that Rt <^ Supp(T). If A / 0, then 

^ = D-Lzt= {XRt + T) • Lzt > XLzt ■Rt = X, 

which implies that A ^ 1/6. It follows from Lemma lA.51 that 

2 - 2A 2 
KT ■Rt = {D- XRt) ■ Rt = ^ 

which is a contradiction. □ 

By Lemma lA. 61 we may assume that Z (f_ Supp(L'). Then 
17 

— = Z? • Z ^ multp(i:')multp(Z) > multp(D) > 1, 
30 

which is a contradiction. The assertion of Theorem 11.161 is proved. 

6. Bishop vs Lichnerowicz 
In this section, we prove Theorem 11.71 Let ao, . . . , Sn, be positive real numbers such that 

n 

< ai — d ^ ncLQ 
i=0 

and oo ^ oi ^ . . . ^ a„ , where n ^ 1 . To prove Theorem 11.71 we must show that 

(n \ n 

i=0 J i=0 

Put / = Y17=o ~ '^^ Then / = anoo, where a € M such that < a ^ 1. We must prove that 

(n \ n 

+ {1 - an)ao\ao-^a'' -Yldi ^ 0. 
1=1 / i=l 

Put ai = Hi/do for every i G {1, . . . , n}. Then the inequality [6T] is equivalent to the inequality 

(n \ n, 

^ Oi + 1 - an I a" - JJ Oi ^ 0, 
i=l J i=l 

where oi ^ 1, 02 ^ 1, . . . , a„ ^ 1. But to prove the inequality 16.21 is enough to prove that 

n n 

(6.3) + l-n- JJoi ^0, 

1=1 i=l 
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because the derivative of the left hand side of the inequahty 16.21 with respect to a equals 
na''"^ ^^a, + 1 - a(n + 1)^ ^ ^ ^ a, - ^0, 

since a ^ 1 and ai ^ 1 every i € {1, . . . , n}. 

Let us prove the inequality 16.31 by induction on n. 

The case n = 1 is obvious, so we assume that n ^ 2. Moreover, we may assume that 

Oj / 1 

for every i G {1, . . . ,n} by the induction assumption. 

Lemma 6.4. Suppose that ai ^ n for some i £ {1, . . . ,n}. Then the inequalitv 16.31 holds. 
Proof. Without loss of generality, we may assume that On ^ n. Then 

n n n—1 / n—1 \ / n—1 \ 

^Oj + l- n- JJai = ^(ai-JJaj| +(a„-n + l)(l-JJai| ^0 

i=l 1=1 i=l \ 1=1 J \ i=l J 

which completes the proof. □ 
Put F{xi, . . . , Xn) = X]r=i Xi + 1 — n — nr=i ^i- Let U C M" be an open set given by 

1 < ai < n, 1 < 02 < n, . . . , 1 < a„ < n, 
and suppose that the inequalitv 16.31 fails. Then F(ai, . . . ,a„) > 0. But 

{xi,...,Xn) £U\U ^ F{xi, . . . , x„) ^ 0, 
which implies that F attains its maximum at some point {Ai, . . . , j4„) € U. Thus 

1 _ nr=i ^» ^ Q 

for every k € {1, . . . , n} by the first derivative test. The latter implies Ai = A2 = ■ ■ ■ = An- Then 

nAi + l-n- A'l > 0, 

which is impossible, because nAi + 1 — n — A'^ is a decreasing function of Ai vanishing at = 1. 
The assertion of Theorem 11.71 is proved. 

Appendix A. Curves on orbifolds 

Let X be a surface that has quotient singularities, let P € X be a point that is a singularity 
of type ^(a, b). Then X is smooth at P if and only if r = 1. There is an orbifold chart 

for a neighborhood P £ U C X such that U is smooth, and vr is a cyclic cover of degree r that is 
unramified over U\P. Let D be an effective Q-divisor on X. Put Du = and D^y = Tr*{Du). 

Let P G [/ be a point such that Tr{P) = P. 

Lemma A.l. The pair {U,Du) is log canonical at P <^=^ {U,Djj) is log canonical at P. 

Proof. See \13\ Proposition 3.16]. □ 

Put multp(D) = multp(L'j^). We say that multp(I?) is the multiplicity of D at the point P. 
Let B be another effective Q-divisor on X. Put Bjj = B\u and B^y = ■k*{Bu). Put 

imAip{p ■ B^ = mult p(^Djj ■ B^J 

if no components of B is contained in Supp(D). For every point Q £ X, let be the positive 
integer such that Q is a singular point of the surface X of type ^(ag, bg). 
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Lemma A. 2. Suppose that no components of B is contained in Supp(D). Then 



Proof. This is an orbifold version of the usual Bezout theorem. □ 

Suppose that (X, D) is not log canonical at the point P ^ X. 
Lemma A. 3. The inequality multp(Z)) > 1 holds. 

Proof. The inequality follows from Lemma |A.1[ □ 
Let C be a reduced and irreducible curve on X. Suppose that P & C \ Sing(C). Put 

D = mC + n, 

where m G Q such that m ^ 0, and is an effective Q-divisor such that C <f. Supp(L>). 
Lemma A. 4. Suppose that m ^ 1. Then multp(C • il) > 1. 

Proof. Applying Lemma I A . II and [6l Lemma 2.20], we get multp(C • fi) > 1. □ 
Lemma A. 5. Suppose that m ^ 1. Then C • > 1/r and r(C • D — mC'^) > 1. 
Proof. The inequality C ■ > 1/r follows from Lemmas IA.2I and IA.4I Then 

1/r <n-C = C -{D-mC), 
and hence r(C • D — mC'^) > 1. □ 
Suppose that B ~q D, and suppose that {X,B) is log canonical at the point P £ X. 

Lemma A. 6. There is an effective Q-divisor D' on X such that 

• the equivalence D' ~q B holds, 

• at least one irreducible component of B is not contained in Supp(I?'), 

• the log pair {X, D') is not log canonical at the point P G X. 

Proof See [H Remark 2.22]. □ 
Suppose that X is a quasismooth well-formed hypersurface in 

P(ao, 01,02,03) =Pioi(^C[x,y,z,t] 
of degree d, where wt(a;) = oq, wt(y) = ai, wt{z) = 02, wt{t) = 03. Suppose that 

D ~Q C'p(ao,ai,a2,a3)(^)lx 

for some positive integer /. Let Cx C X be a curve that is cut out by x = 0. 

Lemma A. 7. Suppose that X is smooth at P. Let k he a positive integer such that 

• the equation k = aaQ + /3ai has at least two different solutions, 

• the equation k = 700 + 6a2 has at least two different solutions, 
where a,f3,j,5 are non-negative integers. Suppose that P ^ Cx- Then 

Ikd 

multpID) ^ 

00010203 

if at least one of the following two conditions are satisfied: 

• the equation k = fiao + va^ has at least two different solutions, 

• the point P is not contains in a curve contracted by the projection ip : X P(oo, 01, 02) 
where ^ and are non- negative integers. 
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Proof. The assertion fohows from [Tj Lemma 3.3] and the proof of [T, Corollary 3.4]. □ 
Most of the results of this section are valid in much more general settings (see [13] ) . 

Appendix B. Tables 

Table [1] and Table [2] contain one-parameter infinite series and sporadic cases respectively 
of values of (oq, oi, 02, 03, d, /) in Theorem 12.41 The last columns represent the cases in [19] from 
which the sixtuples (oq, ai, 02, 03, /) originat^. The parameter n is any positive integer. 



Table 1: Infinite series 



(ao, 01,02,03) 


d 


/ 


Source 


(l,3n - 2,4n - 3,6n - 5) 


12n - 9 


n 


VII.2(3) 


(l,3n-2,4n-3,6n-4) 


12n - 8 


n 


11.2(2) 


(l,4n-3,6n-5,9n-7) 


18n - 14 


n 


VII.3(1) 


(l,6n - 5,10n - 8, 15n - 12) 


30n - 24 


n 


111.1(4) 


(l,6n-4,10n-7,15n-10) 


30n - 20 


n 


111.2(2) 


(l,6n-3,10n-5, 15n-8) 


30n - 15 


n 


111.2(4) 


(l,8n-2,12n-3, 18n-5) 


36n - 9 


2n 


IV.3(3) 


(2,6n-3,8n-4,12n-7) 


24n - 12 


2n 


11.2(4) 


(2,6n + l,8n + 2,12n + 3) 


24n + 6 


2n + 2 


11.2(1) 


(3,6n + l,6n + 2,9n + 3) 


18n + 6 


3n + 3 


11.2(1) 


(7, 28n - 22, 42n - 33, 63n - 53) 


126n - 99 


7n - 2 


XI.3(14) 


(7, 28n - 18, 42n - 27, 63n - 44) 


126n - 81 


7n - 1 


XI.3(14) 


(7, 28n - 17, 42n - 29, 63n - 40) 


126n - 80 


7n + l 


X.3(l) 


(7, 28n - 13, 42n - 23, 63n - 31) 


126n - 62 


7n + 2 


X.3(l) 


(7, 28n - 10, 42n - 15, 63n - 26) 


126n - 45 


7n + 1 


XI.3(14) 


(7, 28n - 9, 42n - 17, 63n - 22) 


126n - 44 


7n + 3 


X.3(l) 


(7, 28n - 6, 42n - 9, 63n - 17) 


126n - 27 


7n + 2 


XI.3(14) 


(7, 28n - 5, 42n - 11, 63n - 13) 


126n - 26 


7n + 4 


X.3(l) 


(7, 28n - 2, 42n - 3, 63n - 8) 


126n - 9 


7n + 3 


XI.3(14) 


(7, 28n- l,42n-5,63n-4) 


126n - 8 


7n + 5 


X.3(l) 


(7, 28n + 2,42n + 3,63n + 1) 


126n + 9 


7n + 4 


XI.3(14) 


(7, 28n + 3,42n + l,63n + 5) 


126n + 10 


7n + 6 


X.3(l) 


(2,2n + l,2n + l,4Ti + l) 


8n + 4 


1 


11.3(4) 


(3, 3n, 3n + 1, 3n + 1) 


9n + 3 


2 


111.5(1) 


(3,3n + l,3n + 2,3n + 2) 


9n + 6 


2 


11.5(1) 


(3,3n + l,3n + 2,6n + 1) 


12n + 5 


2 


XVIII.2(2) 


(3,3n + l,6n+ l,9n) 


18n + 3 


2 


VII.3(2) 



'Note that sometimes a sixtuple (ao, ai, 02, 03, rf, /) originates from several cases in [19) . 
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Table 1: Infinite series 



(ao,«i, 02,03) 


d 


/ 


Source 


(3,3n + l,6n + l,9n + 3) 


18n + 6 


2 


11.2(2) 


(4,2n + l,2n+ l,4n) 


8n + 4 


2 


V.3(4) 


(4,2n + 3,4n + 6,6n + 7) 


12n + 18 


2 


XII.3(17) 


(6,6n- l,12ra-4, 18n - 9) 


36n - 12 


4 


VII.3(2) 


(6,6n- l,12ra-4, 18n - 3) 


36n — 6 


4 


IV.3(1) 


(6, 6n + 3, 6n + 5, 6n + 5) 


18n + 15 


4 


111.5(1) 


(8,4n + 5,4n + 7,4n + 9) 


12n + 23 


6 


XIX.2(2) 


(9, 3n + 5, 3n + 8, 6n + 7) 


12n + 23 


6 


XIX.2(2) 



Table 2: Sporadic cases 





d 


/ 


Source 




d 


/ 


Source 


(1,3,5,8) 


16 


1 


VIII.3(5) 


(2,3,5,9) 


18 


1 


11.2(3) 


(3,3,5,5) 


15 


1 


1.19 


(3,5,7,11) 


25 


1 


X.2(3) 


(3,5,7, 14) 


28 


1 


VII.4(4) 


(3,5, 11, 18) 


36 


1 


VII. 3(1) 


(5, 14, 17,21) 


56 


1 


XI.3(8) 


(5,19,27,31) 


81 


1 


X.3(3) 


(5, 19,27,50) 


100 


1 


VII.3(3) 


(7,11,27,37) 


81 


1 


X.3(4) 


(7,11,27,44) 

V * * * / 


88 


1 


VII.3(5) 


(9,15,17,20) 


60 


1 


VII. 6(3) 


(9,15,23,23) 


69 


1 


111.5(1) 


(11,29,39,49) 


127 


1 


XIX.2(2) 


(11,49,69,128) 


256 


1 


X.3(l) 


(13,23,35,57) 


127 


1 


XIX.2(2) 


(13,35,81,128) 


256 


1 


X.3(2) 


(1,3,4,6) 


12 


2 


1.3 


(1,4,6,9) 


18 


2 


IV.3(3) 


(1,6,10,15) 


30 


2 


1.4 


(2,3,4,7) 


14 


2 


IX.3(1) 


(3,4,5,10) 


20 


2 


11.3(2) 


(3,4,6,7) 


18 


2 


VIL3(10) 


(3,4, 10,15) 


30 


2 


11.2(3) 


(5,13,19,22) 


57 


2 


X.3(3) 


(5,13,19,35) 


70 


2 


VII.3(3) 


(CL 9, 10, 13) 


36 


2 


VII.3(8) 


(7,8. 19.25) 


57 


2 


X.3(4) 


(7,8, 19,32) 


64 


2 


VII.3(3) 


(9, 12, 13, 16) 


48 


2 


VII.6(2) 


(9,12,19,19) 


57 


2 


111.5(1) 


(9,19,24,31) 


81 


2 


XI.3(20) 


(10,19,35,43) 


105 


2 


XL3(18) 


(11,21,28,47) 


105 


2 


XL3(16) 


(11,25,32,41) 


107 


2 


XIX.3(1) 


(11,25,34,43) 


111 


2 


XIX.2(2) 


(11,43,61,113) 


226 


2 


X.3(l) 


(13, 18,45,61) 


135 


2 


XL3(14) 


(13,20,29,47) 


107 


2 


XIX.3(1) 


(13,20,31,49) 


111 


2 


XIX.2(2) 


(13,31,71,113) 


226 


2 


X.3(2) 


(14,17, 29,41) 


99 


2 


XIX.2(3) 


(5,7,11,13) 


33 


3 


X.3(3) 


(5,7,11,20) 


40 


3 


VII.3(3) 


(11,21,29,37) 


95 


3 


XIX.2(2) 


(11,37, 53,98) 


196 


3 


X.3(l) 
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Table 2: Sporadic cases 



(00,01,02,03) 


d 


/ 


Source 


(00,01,02,03) 


d 


/ 


Source 


(13,17,27,41) 


95 


3 


XIX.2(2) 


(13,27,61,98) 


196 


3 


X.3(2) 


(15,19,43,74) 


148 


3 


X.3(l) 


(9,11,12,17) 


45 


4 


XI.3(20) 


(10,13,25,31) 


75 


4 


XI.3(14) 


(11,17,20,27) 


71 


4 


XIX.3(1) 


(11,17,24,31) 


79 


4 


XIX.2(2) 


(11,31,45,83) 


166 


4 


X.3(l) 


(13,14, 19,29) 


71 


4 


XIX.3(1) 


(13,14,23,33) 


79 


4 


XIX.2(2) 


(13,23,51,83) 


166 


4 


X.3(2) 


(11,13,19,25) 


63 


5 


XIX.2(2) 


(11,25,37,68) 


136 


5 


X.3(l) 


(13,19,41,68) 


136 


5 


X.3(2) 


(11,19,29,53) 


106 


6 


X.3(l) 


(13,15,31,53) 


106 


6 


X.3(2) 


(11,13,21,38) 


76 


7 


X.3(l) 
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